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Abstract: We consider u(x, t), a solution of d;u = Au + |u|P~u which blows up at some time T > 0, where
u:RVx[0,T) >R, p>1and (N-2)p <N+ 2. Define S c RV to be the blow-up set of u, that is, the set
of all blow-up points. Under suitable non-degeneracy conditions, we show that if S contains an (N - ¢)-
dimensional continuum for some € € {1, ..., N — 1}, then S is in fact a @? manifold. The crucial step is to
make a refined study of the asymptotic behavior of u near blow-up. In order to make such a refined study, we
have to abandon the explicit profile function as a first-order approximation and take a non-explicit function
as a first-order description of the singular behavior. This way we escape logarithmic scales of the variable
(T - t) and reach significant small terms in the polynomial order (T — ¢)* for some u > 0. Knowing the refined
asymptotic behavior yields geometric constraints of the blow-up set, leading to more regularity on S.
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1 Introduction
We are interested in the following semilinear heat equation:

du = Au+ [ulPtu,
(1.1)

u(0) = ugp € L2(RY),

where u(t) : x € RY — u(x, t) € R, A denotes the Laplacianin R¥, and p > 1or1 < p < ¥*2if N > 3. Itis well
known that for each initial data ug the Cauchy problem (1.1) has a unique solution u € G([0, T), L (RM)) for
some O < T < +o0o, and that either T = +co or

T < +oo and }m} lu(t)|z» = +oo.

In the latter case we say that the solution blows up in finite time, and T is called the blow-up time. In such a
blow-up case, a point @ € R is called a blow-up point if u(x, t) is not locally bounded in some neighborhood
of (a, T), this means that there exists (x,, t,) — (a, T) such that |u(xy, t,)| — +0o when n — +co. We denote
by S the blow-up set, that is, the set of all blow-up points of u.
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Given a € S, we know from Velazquez [15] (see also Filippas and Kohn [5], Filippas and Liu [6], Herrero
and Velazquez [9], Merle and Zaag [12]) that up to replacing u by —u, one of following two cases occurs:

Case 1 (non-degenerate rate of blow-up). For all Ky > 0, there is an orthonormal (N x N)-matrix Q; and
€z €{1,..., N} such that

sup (T—t)ﬁu(mQa.,r\/(T—t)|1og(T—t)|,t)—f€&(£)l ~0 ast—T, (1.2)

1§1<Ko
where .
_ (p - 1)2 L 2 _Iﬁ
fe&(é)—(p—1+Ti;€,-) . (1.3)

Case 2 (degenerate rate of blow-up). For all Ko > 0, there exists an even integer m > 4 such that

sup |(T - t)p%lu(a +&(T - t)%, t) - (p -1+ Z c,,,‘;"")_lﬁ —0 ast—T, (1.4)
1§1<Ko la|=m
where &% = [V, &%, |a| = YV, a;ifa = (a1, ..., @n) € NY and Y iaj=m Caé® = O forall £ e RV,

According to Velazquez [15], if case 1 occurs with £; = N or case 2 occurs with Ylal=m €a§® > 0 for all
& # 0, then a is an isolated blow-up point. Herrero and Velazquez [7, 8] prove that the profile (1.3) with
€; = N is generic in the case N = 1, and they announced the same for N > 2, but they never published it.
Bricmont and Kupiainen [1] and Merle and Zaag [10] show the existence of initial data for (1.1) such that the
corresponding solutions blow up in finite time T at only one blow-up point & and verify the behavior (1.2) with
£; = N. The method of [10] also gives the stability of the profile (1.3) (¢; = N) with respect to perturbations
in the initial data (see also Fermanian Kammerer, Merle and Zaag [3, 4] for other proofs of the stability).
Ebde and Zaag [2] and Nguyen and Zaag [13] prove the stability of the profile (1.3) (¢; = N) with respect to
perturbations in the initial data and also in the nonlinearity, in some class allowing lower order terms in the
solution and also in the gradient. All the other asymptotic behaviors are suspected to be unstable.

When

i<N-1

in (1.2), we do not know whether a is isolated or not, or whether S is continuous near a. In this paper, we
assume that a is a non-isolated blow-up point and that S is continuous locally near a, in a sense that we
will describe precisely later. Our main concern is the regularity of S near a. The first relevant result is due to
Velazquez [16] who shows that the Hausdorff measure of S is less than or equal to N — 1. No further results on
the description of S were known until the contributions of Zaag [17, 18, 20] (see also [19] for a summarized
note). In [18], he proves that if S is locally continuous, then S is a €' manifold. He also obtains the first
description of the singularity near a. More precisely, he shows in [18, Theorems 3 and 4] that for some ty < T
and 6 > 0, forall Ko > 0, t € [to, T) and x € B(a, 26) such that d(x, S) < Ko+/(T — t)[log(T — )], one has

(1.5)

d(x, S) )’ < c( 0)logllog(T—l‘)I

V(T = )|log(T - 0)] log(T - t)| ’

where f; is defined in (1.3) (¢; = 1). Moreover, for all x € RN \ S, one has u(x, t) — u*(x) as t —» T with

(7 - o7 e, 0 -

1

8p__llogd(x, S)| )’ﬁ asd(x, S) — 0and x € B(a, 26). (1.6)

(-1 d*(x,9)

u%m~Umu£»=(

If
=1,

Zaag [17] further refines the asymptotic behavior (1.5) and gets error terms of order (T — t)* for some u > O.
This way, he obtains more regularity on the blow-up set S. The key idea is to replace the explicit profile f;
in (1.5) by a non-explicit function, say i(x1, t), then go beyond all logarithmic scales through scaling and
matching. In fact, for i1(xy, t), Zaag takes a symmetric, one-dimensional solution of (1.1) that blows up at the
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same time T only at the origin, and behaves like (1.2) with £; = 1. More precisely, he abandons the explicit
profile function f; in (1.5) and chooses a non-explicit function its(d(x, S), t) as a first-order description of the
singular behavior, where i1 is defined by

fig(x1,t) = e pT ﬂ(e‘%xl, T-e%T-t). (1.7)

He shows that for each blow-up point a near a, there is an optimal scaling parameter o = ¢(a) so that the
difference (T - t)T}l(u(x, t) — lga)(d(x, S), t)) along the normal direction to S at a is minimized. Hence, if
the function ti4(4)(d(x, S), t) is chosen as a first-order description for u(x, t) near (a, T), we avoid logarithmic
scales. More precisely, for all ¢ € [to, T) and x € B(a, 26) such that d(x, S) < Ko+/(T - t)[log(T - t)|, one has

(T = )71 [u(x, 1) - o) (d(x, S), £)] < C(T = t)*, (1.8)

for some u > 0. Note that any other value of 0 # d(a) in (1.8) gives an error of logarithmic order of the variable
(T - t) (the same as in (1.5)). Exploiting estimate (1.8) yields geometric constraints on S which imply the
(5’1’%"7-regularity of S for all n > 0. A further refinement of (1.8) given in [20] yields better estimates in the
expansion of u(x, t) near (a, T). Moreover, some terms following in the expansion of u(x, t) near (a, T) contain
geometrical information about S, resulting in more regularity of S, namely the G2-regularity.

In this work, we want to know whether the C?-regularity near & proven in [20] for £; = 1 would hold in
the case where u behaves like (1.2) near (a, T) with

taef2,...,N-1}. (1.9)

Since Zaag obtains the result in [18, 20] only when £ = 1, this corresponds to an (N — 1)-dimensional blow-
up set (the codimension of the blow-up set is one, according to [18]). In our opinion, in those papers the
major obstacle towards the case (1.9) lays in the fact that Zaag could not refine the asymptotic behavior (1.2)
with ¢; € {2,..., N — 1} to go beyond all logarithmic scales and get a smaller error term in polynomial orders
of the variable (T - ¢t). It happens that a similar difficulty was already encountered by Fermanian Kammerer
and Zaag in [4], when they wanted to find a sharp profile in the case (1.2) with £; = N, which corresponds
to an isolated blow-up point, as we have pointed out right after estimate (1.4). Such a sharp profile could
be obtained in [4] only when N = 1 (which corresponds also to £; = 1): unsurprisingly it was iis(x1, t), the
dilated version of i1(x1, t), the one-dimensional blow-up solution mentioned between estimates (1.6) and
(1.7). As a matter of fact, the use of &i(xq, t) was first used in [4] for the isolated blow-up point in one space
dimension (N = 1 and ¢; = 1), then later in higher dimensions with an (N - 1)-dimensional blow-up surface
(N >2andstill &5 = 1) in [17].

The interest of ii(xq, t) is that it provides a one-parameter family of blow-up solutions, thanks to the
scaling parameter in (1.7), which enables us to get the sharp profile by suitably choosing the parameter.

Handling the case ¢; > 2 remained open, both for the case of an isolated point (¢ = N > 2) and a non-
isolated blow-up point (£; = 2, ..., N — 1). From the refinement of the expansion around the explicit profile
in fe, in (1.2), it appeared that one needs a €; (¢ + 1)/2-parameter family of blow-up solutions obeying (1.2).

Such a family was constructed by Nguyen and Zaag in [14], and successfully used to derive a sharp
profile in the case of an isolated blow-up point (£; = N > 2), by fine-tuning the £;(£5 + 1)/2 = N(N + 1)/2
parameters.

In this paper, we aim at using that family to handle the case of a non-isolated blow-up point (N > 2 and
€;=2,...,N—1), in order to generalize the results of Zaag in [17, 18, 20], proving in particular the C2-
regularity of the blow-up set, under the hypothesis that it is merely continuous.

The main result in this paper is the following.

Theorem 1.1 (C2-Regularity of the Blow-Up Set Assuming C'-Regularity). Take N > 2 and ¢ € {1,...,N - 1}.
Consider u, a solution of (1.1) that blows up in finite time T on a set S. Take a € S where u behaves locally as
stated in (1.2) with €; = €. If S is locally a @' manifold of dimension N — ¢, then it is locally C2.

Remark 1.2. Theorem 1.1 was already proved by Zaag [20] only when ¢ = 1. Thus, the novelty of our contri-
bution lays in the case £ € {2,...,N-1}and N > 3.
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Under the hypotheses of Theorem 1.1, Zaag [18] already proved that S is a €' manifold near @, assuming
that S is continuous. Therefore, Theorem 1.1 can be restated under a weaker assumption. Before stating this
stronger version, let us first clearly describe our hypotheses and introduce some terminology borrowed from
[18] (see also [17, 20]). According to Velazquez [15, Theorem 2], we know that for all € > 0, there is §(¢) > 0
such that

SNB(a,28) c Qze = {x e RN [ |Pa(x — @) = (1 - €)|x - al},

where P; is the orthogonal projection over 75, where
N T T
g =a+ span{Qaegﬁl, R QaeN}

is the so-called “weak” tangent plane to S at a. Roughly speaking, Q;  is a cone with vertex a and shrinks
to mz as € — 0. In some “weak” sense, S is (N — £;)-dimensional. In fact, here comes our second hypothesis:
we assume there is T € C((-1, 1)N-%a, RV) such that ['(0) = @ and ImT c S, where ImT is at least (N — €;)-
dimensional, in the sense that

forall b € ImT, there are (N - ¢;) independent vectors vy, . .., vy_¢, in RN and

1.10
functions Ty, ..., Tn—¢, in €([0, 1], S) such that T';(0) = b and I';(0) = v;. (1.10)

Hypothesis (1.10) means that b is actually non-isolated in (N - ¢;) independent directions. We assume in
addition that a is not an endpoint in Im I in the sense that

for all € > 0, the projection of I'((—¢, €)N~2) on the “weak” tangent plane 71

. . - 1.11
at a contains an open ball centered at a. ( )

This is the stronger version of our result:

Theorem 1.1'. Take N >2 and ¢ € {1, ..., N — 1}. Consider u, a solution of (1.1) that blows up in finite time
T onaset S. Take a € S where u behaves locally as stated in (1.2) with €; = ¢. Consider T € ((-1, 1)N-¢, RN)
such that a =T(0) e ImT ¢ S and ImT is at least (N — ¢)-dimensional (in the sense of (1.10)). If a is not an
endpoint (in the sense of (1.11)), then there are § > 0, 1 > 0 and y € C?((=61, 61)N=¢, R?) such that

Ss = Sn B(a, 26) = graph(y) n B(a, 28) = ImT n B(a, 26),
and the blow-up set S is a €2-hypersurface locally near a.

Let us now briefly give the main ideas of the proof of Theorem 1.1. The proofis based on techniques developed
by Zaagin [17, 20] for the case when the solution of equation (1.1) behaves like (1.2) with £ = 1. Asin[17, 20],
the proof relies on two arguments:

o The derivation of a sharp blow-up profile of u(x, t) near the singularity, in the sense that the difference
between the solution u(x, t) and this sharp profile goes beyond all logarithmic scales of the variables
(T - t). This is possible thanks to the recent result in [14].

o Thederivation of a refined asymptotic profile of u(x, t) near the singularity linked to geometric constraints
on the blow-up set. In fact, we derive an asymptotic profile for u(x, t) in every ball B(a, Ko VT - t) for
some Ky > 0 and a blow-up point a close to a. Moreover, this profile is continuous in a and the speed
of convergence of u to the profile in the ball B(a, Ko VT — t) is uniform with respect to a. If a and b are
in Sand O < |a - b| < Ko VT - ¢, then the balls B(a, Ko VT — t) and B(b, Ko VT — t) intersect each other,
leading to different profiles for u(x, t) in the intersection. However, these profiles have to coincide, up
to the error terms. This creates a geometric constraint which gives more regularity for the blow-up set
near a.

Let us explain the difficulty raised in [17, 20] for the case £ > 2. Consider a € S n B(a, 26) for some § > 0
and introduce the following self-similar variables:
X—-a

Wa(y, s) = T—tﬁux,t, =———, s=-log(T-1t). 1.12
ay,s)=(T-t)rtu(x,t), y N g(T-1) (1.12)
Then, we see from (1.1) that for all (y, s) € RY x [-1og T, +c0),
oW, 1 Wa b1
3 - AW, 2y VW, p-1 + |Wo P~ W,. (1.13)
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Under the hypotheses stated in Theorem 1.1, Zaag proved in [18, Proposition 3.1 and pp. 530-533, Section
6.1)thatforalla € Ss = Sn B(a, 26) forsome § > Oand s > —log T, there exists an (N x N) orthogonal matrix
Qg such that

K 1y12 log s
w. , S —{K —(Z——)} <C—, 1.14
ll a(Qay, s) + 2ps 2 I 2 ( )
where x = (p - 1)_1%, y=W1,...,Ye,), Qq is continuous in terms of a such that {Qge,- lj=€¢+1,...,N}
spans the tangent plane 7, to S at a and Qge,-, i=1,...,¢ are the normal directions to S at a, Ll% is the

weighted L? space associated with the weight p = z 4,,1)~/z e VI*/4_ Note that estimate (1.14) implies (1.5) (see
[18, Appendix C]).

When ¢ = 1, in order to refine estimate (1.14), Zaag in [17] subtracts from W, a one-dimensional solution
with the same profile. Let us do the same when ¢ = 2, ..., N — 1, and explain how Zaag succeeds in handing
the case ¢ = 1 and gets stuck when ¢ > 2. To this end, we consider ii(x, t) with X = (x1, ..., x) a radially
symmetric solution of (1.1) in R® which blows up at time T only at the origin with the profile (1.2) with £; = ¢
(see [14, Appendix A.1] for the existence of such a solution). If the ¢-dimensional solution @ is considered
in RY, then it blows up on the (N — ¢£)-dimensional vector space {x = 0} in RY. In particular, if we introduce

W@, s) = (T- 07 (%, 0, y= Txt, s =—log(T - ), (1.15)

then w is a radially symmetric solution of (1.13) which satisfies

o fr (e 5]

< Cloﬁ.
2ps 2

< 5 (1.16)
L2 S

Noting that it and W may be considered as solutions defined for all y € R (and independent of y¢,1, ..., yn),
and given that w(y, s) and W,(Q.y, s) have the same behavior up to the first order (see (1.14) and (1.16)),
we may try to use w as a sharper (though non-explicit) profile for W,(Qgy, s). In fact, we have the following
classification (see Corollary 2.2 below):

Case 1. There is a symmetric, real (¢4 x €4)-matrix B = B(a) # 0 such that
S I £ S . 1 B
Wqa(Quy, s) —w(y, s) = S—2<§y y — tr( )>+O<s_2) ass — +co inLj. (1.17)
Case 2. There is a positive constant Cy such that
IWa(Qay, s) = w(¥, $)ll2 = O(e"25%) ass — +oo. (1.18)

If £ =1 (B(a) € R), Zaag in [17] noted the following property:

R R 2ko0 (1 , 1 .2
w(y1, S+ 09) — W(y1,S) = s (§y1—1>+o<s—2> 1an. (1.19)

Therefore, choosing gg(a) such that % = B(a), we see from (1.17) and (1.19) that

Wa(Qay, s) = w(y1, s + 0o(a)) = o(slz) ass — +oo inLj.
From the classification given in (1.17) and (1.18), only (1.18) holds and
1Wa(Qays $) = W(y1, s + Go(@)lz = O(e™s%) ass — +oo. (1.20)

If we return to the original variables u(x, t) and i1(x1, t) through (1.12) and (1.15), then (1.8) follows from the
transformation (1.7) together with estimate (1.20) (see [17, Appendix C]). In other words, w(y1, s + 0o(a))
serves as a sharp (though non-explicit) profile for W,(Q,y, s) in the sense of (1.20). Using estimate (1.20)
together with some geometrical arguments, we are able to prove the 61’%"1-regularity of the blow-up set, for
any 17 > 0. Then, a further refinement of (1.20) up to order of e~ 2 /s together with a geometrical constraint on
the blow-up set S results in more regularity for S, which yields the @?-regularity.



36 —— T.Ghoul,V.T. Nguyen and H. Zaag, Refined Regularity of the Blow-Up Set DE GRUYTER

If £ > 2, the matrix B(a) in (1.17) has “4 real parameters. Therefore, applying the trick of [17] (see
(1.19) above) only allows us to control one parameter there remain ==~ W”) — 1 real parameters to be handled.
This is the major reason which prevents Zaag in [17, 20] from deriving a 51milar estimate to (1.20), hence, the
refined regularity of the blow-up set. Fortunately, we can overcome this obstacle thanks to a recent result by
Nguyen and Zaag (see Proposition 2.4 below) who show in [14] that for any symmetric, real (€ x £)-matrix A,
there is a solution w4 of equation (1.13) in R¢ such that

) o 1 /1 ¢ - 1 S
wa(y,s)-w(,s) = S—Z(Ey Ay—tr(A))+o<s—2> as s — +oo 1an. (1.21)
Hence, choosing A = B(a), we see from (1.21), (1.17) and (1.18) that

IWa(Qay, §) - W@ (7, 9)ll3 < Ce 25 (1.22)

for s large enough. Exploiting estimate (1.22) and adapting the arguments given in [17, 20], we are able to
prove the @2-regularity of the blow-up set.

The next result shows how the C2-regularity is linked to the refined asymptotic behavior of W,. More
precisely, we link in the following theorem the refinement of the asymptotic behavior of W, to the second
fundamental form of the blow-up set at a.

Theorem 1.3 (Refined Asymptotic Behaviors Linked to the Geometrical Description of the Blow-Up Set).
Under the hypotheses of Theorem 1.1, there exist 3o > —log T and 6 > 0 such that forall a € S5 = S n B(a, 29),
there exists a symmetric (€ x £) matrix B(a) such that for all s > 3o,

s (l s
2 £ N A ) e_f
||W (Qay, S) — W (a) y,S)— Z Z ()/ky] 25k1)|| e (1.23)
i=1 =0+ 52

forsomev € (0, %), where a — {A;j)j(a)}g+1sj, k<N 1S a continuous symmetric matrix representing the second fun-
damental form of the blow-up set at the blow-up point a along the unitary normal vector QL e;. Moreover,

(a) ﬂ Jim se’ J Wa(Qay, $)yi(ykyj — 26k,7)p(y)dy. (1.24)
RN
In Section 2, we give the main steps of the proofs of Theorems 1.1 and 1.3. We leave all long and technical
proofs to Section 3.

2 Setting of the Problem and Strategy of the Proof of the
C2-regularity of the Blow-Up Set

In this section we give the main steps of the proofs of Theorems 1.1 and 1.3. All long and technical proofs
will be left to the next section. We proceed in three parts corresponding to three separate subsections. For the
reader’s convenience, we briefly describe these parts as follows:

o Part 1: We derive a sharp blow-up behavior for solutions of equation (1.1) having the profile (1.2) with
€; € {1, ..., N — 1} such that the difference between the solution and this sharp blow-up behavior goes
beyond all logarithmic scales of the variable T — t. The main result in this step is stated in Proposition 2.5.

e Part 2: Through the introduction of a local chart, we give a geometrical constraint on the expansion of the
solution linked to the asymptotic behavior (see Proposition 2.7). This geometrical constraint is a crucial
point which is the bridge between the asymptotic behavior and the regularity of the blow-up set.

o Part 3: Using the sharp blow-up behavior derived in Part 1, we first get the elan. -regularity of the blow-up
set S (see Proposition 2.8), then together with the geometrical constraint, we achieve the @1-1"-regularity
of S (see Proposition 2.9). With this better regularity and the geometric constraint, we further refine the
asymptotic behavior (see Proposition 2.10) and use again the geometric constraint to get C2-regularity
of S, which yields the conclusion of Theorems 1.1 and 1.3.
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We remark that Parts 1 and 2 are independent, whereas Part 3 is a combination of the first two. Through-
out this paper, we work under the hypotheses of Theorem 1.1. Since S is locally near a a manifold of dimen-
sion N — ¢, we may assume that there is a ! function y such that

Ss = Sn B(a, 26) = graph(y) n B(a, 26),

for some 6 > 0 and y € @' ((-61, 6;)V¢, Rf) with §; > 0.

In what follows, £ € {1, ..., N — 1} is fixed, and for all z = (z1, ..., zn) € RY, we denote by Z the first ¢
coordinates of z, namely z = (z1, . . ., z¢), and by Z thelast (N — ¢) coordinates of z, namely Z = (z¢41, . . . , ZN)-
We usually use indices i, m for therange 1, ..., £ and indices j, k, n for therange ¢ + 1, ..., N.

2.1 Part 1: Blow-Up Behavior Beyond All Logarithmic Scales of (T - t)

In this subsection, we use the ideas given by Fermanian Kammerer and Zaag [4] together with a recent result
by Nguyen and Zaag in [14] in order to derive a sharp (though non-explicit) profile for blow-up solutions of
(1.1) in the sense that the first order in the expansion of the solution around this sharp profile goes beyond
all logarithmic scales of (T — t) and reaches polynomial scales of (T - t). In fact, we replace the 1-scaling
parameter ¢ in (1.8) by a =5~ ““1) -parameters family, which generates a substitution for i1, defined in (1.7) and
serves as a sharp profile for solutions having the behavior (1.2) with ¢; € {1, ..., N — 1}. The main result in
this part is Proposition 2.5 below.

Consider a € Sg. If W,(y, s) and w(y, s) are defined as in (1.12) and (1.15), then we know from [18] that

_ Iylz)} logs
llWa(Qay’ ) {K+ E(E T L’% < CS_2 (2.1)
and , |
o _ vl )} 0gs
||w(y, s) — {K+ s <€ 5 . C e (2.2)

The first step is to classify all possible asymptotic behaviors of W,(Qgy, s) — W(¥, s) as s goes to infinity.
To do so, we shall use the following result which is inspired by Fermanian Kammerer and Zaag [4].

Proposition 2.1 (Classification of the Difference Between Two Solutions of (1.13) Having the Same Profile).
Assume that W1 and W, are two solutions of (1.13) verifying

: Iy? closs . _
||W1(y,s) {K'f' E(@—T)} Lg < 52 . 1= 1,2, (2.3)
wherey = (y1,...,Ye) forsome € € {1, ..., N — 1}. Then, one of the two following cases occurs:
o Case 1. There is a symmetric, real (€ x €)-matrix B + 0 such that
L(lrg o 1 I,
Wi(y,s) - Wa(y,s) = s—2<§y y — tr( )>+O(s_2) ass — +co inLg. (2.4)

e Case 2. Thereis Cqy > O such that
IW1(y, s) = Wa(y, ).z = 0(e725%) ass — +oo.

Proof. The proof follows from the strategy given in [4] for the difference of two solutions with the radial profile
(€ = N). Note that the case when £ = 1 was treated in [17]. Since some technical details are straightforward,
we briefly give the main steps of the proof in Section 3.1 and just emphasize the novelties. O

An application of Proposition 2.1 with W1(y, s) = W4(Qguy, s) and W1 (y, s) = w(y, s) vields the following
corollary directly.
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Corollary 2.2. As s goes to infinity, one of the two following cases occurs:
o Case 1. There is a symmetric, real (£ x €)-matrix B = B(a) # 0 continuous as a function of a such that
1/1 1
Wea(Qay, 8) — W(7, ) = S—Z(Ey%y - tr(B)) 4 0(5—2) in L2. (2.5)
e Case 2. Thereis Co > O such that
IWa(Qay, 8) = W(¥, 9)llz2 = O(e75%). (2.6)

Remark 2.3. Note that the continuity of B comes from the continuity of W, with respect to a, where W,
behaves as in (2.1). In particular, Zaag [18] showed the stability of the blow-up behavior (2.1) with respect
to blow-up points (see [18, Proposition 3.1 and Section 6.1]).

In the next step, we recall a recent result by Nguyen and Zaag [14], which gives the construction of solutions
for equation (1.13) with some prescribed behavior.

Proposition 2.4 (Construction of Solutions for (1.13) with Some Prescribed Behavior). Let € {1,...,N - 1}.
For all A € My(R), where M,(R) is the set of all symmetric, real (£ x £)-matrices, there exists a solution
w4 (y, s) of (1.13) defined on RN x [so(A), +00) such that

i o 1/1_p - 1 —
wa(y,s)-w(,s) = S—2<§y Ay—tr(A))+o(s—2) ass — +co inlp, (2.7)
where W is the radially symmetric, £-dimensional solution of (1.13) satisfying (2.2).

Proof. See [14, Theorem 3]. Although that result is stated for the case £ = N, we can extend it to the case
when ¢ < N - 1 by considering solutions of (1.13) as ¢-dimensional solutions, those artificially generated by
adding irrelevant space variables (y¢+1, - - - , Yn) to the domain of definition of the solutions. O

The following result is a direct consequence of Corollary 2.2 and Proposition 2.4.

Proposition 2.5 (Sharp (Non-Explicit) Profile for Solutions of (1.1) Having the Behavior (1.2) with £ < N — 1).
There exist sg > 0 and a continuous matrix B : Ss — M,(R), such that forall a € Ss and s > sy,

|Wa(Qay. $) - W@ (7, )] 2 < Ce™ 25, (2.8)

where w is the solution constructed as in Proposition 2.4, Cy > 0 is given in Proposition 2.1. Moreover, we have
the following:
(i) Foralls>sp+1,

sup |Wa(y, s) - wa) (Ja, 8)| < C(K)e 353760, (2.9)
[yI<K~/s

where y, = (v - Qqe1, ...,y - Qqep).
(ii) Forallte [T—-e %1, T),

sup (T = 7T u(x, £) - W (@) (Fa,xo = 108(T = £))| < CH)(T - )} log(T - €, (2.10)
Ix-al<K~(T-t)llog(T—5)|

where yax = 1=((x~a)- Qqe1, ..., (x - a) - Qaee).

Proof. From (2.5) and (2.7), we have for any symmetric (£ x £)-matrix A,
_ 1/1 4 _ 1y .
Wa(Qay, 5) - Wa(,9) = (577 (B -y - trB - ) +o( ) inL2.
Choosing A = B(a), we get
_ 1
[Wa(Qay, ) - wa(a) (¥, s)||L5 = 0(5_2> as s — +0o. (2.11)

Note that an alternative application of Proposition 2.1 with W; = W, and W, = wg(y) yields either (2.5) or
(2.6). However, the case (2.5) is excluded by (2.11). Hence, (2.8) follows. Since we showed in Corollary 2.2
that a — B(a) is continuous, the same holds for a — A(a).

As for (2.9), it is a direct consequence of the following lemma which allows us to carry estimate (2.8)
from compact sets |y| < K to sets |y| < K+/s.
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Lemma 2.6 (Extension of the Convergence from Compact Sets to Sets |y| < K+/s). Assume that Z satisfies
1 C
0sZ<NZ -y -VZ+Z+ ?12, 0<Z(y,s)<C1 forall(y,s) e RN x [§, +00), (2.12)

forsome Cy > 0. Then foralls' > §and s > s' + 1 such that e®=5/2 = /s, we have

sup Z(y, s) < C(C1, K)e* 12(s)l 3.
lyl<Kvs

Proof. This lemma is a corollary of [15, Proposition 2.1] and it is proved in the course of the proof of
[4, Proposition 2.13] (in particular, pp. 1203-1205). O

Let us derive (2.9) from Lemma 2.6. If we define G(y, s) = Wq(QqaY, S) — Wi (a)(¥, S), straightforward calcula-
tions based on (1.13) yield

1
905G = AG - SV VG+G+aG forall(y,s) e RY x [-log T, +00), (2.13)
where - -
|WqlP™"Wq — lwgP""wg  p . -1 Db .
a(y, s) = - =plw(y, s - — ifW, +ws,
V20 W, —ws »-1 plw(y, s)l Py et W3
for some w(y, s) € (Wa(QqY, S), W (a)(¥, S)).
From [11, Theorem 1], we know that for s large enough,
_ C
W)L < K+ —,
S
which implies
C\P1 )4 Cy
,S) < — - — < —. 2.1
a(y, s) p(K+S) 5155 (2.14)

If Z = |G|, then we use Kato’s inequality AG - sgn(G) < A(|G|) to derive equation (2.12) from (2.13) and (2.14).
Applying Lemma 2.6 together with estimate (2.8) yields

s s _s 3
sup Z(y,s) < CesS ez (st < Ce 25200

lyl<K+/s

foralls’ > s; and s > s’ + 1 for some s; > O large such that e=5/2 = /s, This yields (2.9). Estimate (2.10)
directly follows from (2.9) by the transformation (1.12). This ends the proof of Proposition 2.5. O

2.2 Part 2: A Geometric Constraint Linked to the Asymptotic Behaviors

In this subsection, we follow the idea of [20] to introduce local €% -charts of the blow-up set, and get a
geometric constraint mechanism on the blow-up set (see Proposition 2.7 below) which is a crucial step in
linking refined asymptotic behaviors of the solution to geometric descriptions of the blow-up set.

Considera € Ssand € € {1, ..., N — 1}. We introduce the local *%" -chart of the blow-up set at the point
a as follows:

]RNie — ]RN, 3 [and ()/a,l(g)’ ) ya,f(g)y 3),

where & = (&1, ..., &y) and ya,i € CV ((—€q, €2)N¢) for some a* € (0, 1) and €, > 0. Then the set Ss is
locally near a defined by
¢ N
{a + Y Vai@ni(@) + Y &Tila) | 1§1 < ea}, (2.15)
i=1 j=b+1
whereni(a), ..., ne(a)and 7es1(a), . . ., Tn(a) are of norm 1 and, respectively, normal and tangent to Ss at a.

By definition, we have
Ya,i(0)=0 and Vy,;(0)=0 foralli=1,...,¢.
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Let Q4 be the orthogonal matrix whose columns are n;(a) and 7;(a), namely
ni(a) = Qqe; and Tj(a) = Qqe;. (2.16)

Define

wa(y,s) = (T - t)z’%lu(x, ), y= Qg( xT—_a ), s =—log(T - t). (2.17)

~

Then we see from (1.12) that w, satisfies (1.13) and
Wwa(y,8) = Wa(Qqay,s) forall (y,s) € RN x [-log T, +c0). (2.18)

Note from (2.16) that the point (y, s) in the domain of w, becomes the point (x, t) in the domain of u, where

x=a+e‘%Qay=a+e‘%<Zyl (a) + z y]‘r](a)) t=T-¢

j=€+1

Now, fix a € S5 and consider an arbitrary b € Ss. From (2.17), we have
wa(y,s) = wp(Y,s), whereY = QZ(Qay +ei(a- b)). (2.19)

If we differentiate (2.19) with respect to y, with k € {¢ + 1, ..., N}, we get

1,1 0 N
(T-t)Fi*2 ar,f(la)( t) = (y,s> Zrk(a) nl(b) (Ys)+]ez+1rk(a> r,(b) (Ys) (2.20)

If we fix b as the projection of x = a + e~ Qqy on the blow-up set in the orthogonal direction to the tan-
gent space to the blow-up set at a, then b has the same components on the tangent space spanned by
{Tes1(a), ..., Tn(a)} as x. In particular,

4 N
b=b(a,ys)=a+) yaile:ymi(@) + Y e 2yti@), 7=e1s---5YN). (2.21)
i=1 j=t+1

The following proposition gives a geometric constraint on the expansion of w,, which is the bridge linking
the refined asymptotic behavior to the refined regularity of the blow-up set.

Proposition 2.7 (A Geometric Constraint on the Expansion of w,). Assume that
« 1
Va € CV% ((—eq, €)V 4, R for some a* € (0, 5) and e, > 0.

Then, there exists s1 > max{-1og T, so} (so is introduced in Proposition 2.5) such that for all a € Ss, |y| < 1,
s>syandk=¢+1,...,N,itholds that

oWq owp ,_ K OYa,i s
5 —(, )—{a k(y,O,. Os)+2pSIZ1 o, (e” y)yzH

CZ| yal( _7~)Hi Ogs SB_% +e_%SC°] +Ce—(1+g*)sscoy (222)

wherey = (Y1,...,Ye)s ¥V = (Ve+15 - - -, YN) and b is defined by (2.21).

Proof. Note that the proof of Proposition 2.7 was given in [20] only when ¢ = 1. Of course, that proof naturally
extends to the case when ¢ € {2, ..., N — 1}. Since our paper is relevant only when ¢ > 2 and Proposition 2.7
presents an essential link between the asymptotic behavior of the solution and a geometric constraint of the
blow-up set, we felt we should give the proof of this proposition for the completeness and for the reader’s
convenience. As said earlier, this section just gives the main steps of the proof of Theorem 1.1, and because
the proof is long and technical, we leave it to Section 3.3. O
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2.3 Part 3: Refined Regularity of the Blow-Up Set and Conclusion of Theorem 1.1

In this subsection, we give the proof of the €?-regularity of the blow-up set (Theorems 1.1 and 1.3). We pro-

ceed in two steps:

o Step 1: We derive from Proposition 2.5 that y, is eL271 for all n > 0. Then we apply Proposition 2.7 with
a*=ae(0,1)to improve the regularity of y, which reaches CL1-1 for all n>0.

« Step 2: Using the C11~"-regularity and the geometric constraint in Proposition 2.7, we refine the asymp-
totic behavior given in Proposition 2.5, which involves terms of order %e‘ 2., Exploiting this refined asymp-
totic behavior together with the geometric constraint (2.22), we derive that y, is of class @2, which is the
conclusion of Theorem 1.1. From the information obtained on the @?-regularity, we calculate the second

fundamental form of the blow-up set, which concludes the proof of Theorem 1.3.

Step 1: Deriving C1-1-7-Regularity of the Blow-Up Set. We first derive the G-z "-regularity of the blow-up set
forall > 0 from Proposition 2.5. Then we apply Proposition 2.7 with a* = a € (0, 1) to get €1-1"-regularity
for all n > 0. In particular, we claim the following:

Proposition 2.8 (C1'2 3. -Regularity for S). Under the hypotheses of Theorem 1.1, S is the graph of a vector func-
tiony e Gl’%’”((—c‘?l, 81)N-¢, R?) for any n > 0, locally near a. More precisely, there is an hy > 0 such that for
all |&| < 81 and |h| < ho such that | + h| < 81, one has foralli € {1,..., ¢},

ViE + ) - yi®) - - Vya(®)| < ClaL3 log |Rl|** 7. (2.23)

Proof. The proof is mainly based on the derivation of the sharp asymptotic profile given in Proposition 2.5.
In fact, we exploit the estimate (2.10) to find out a geometric constraint on the blow-up set S, which implies
some more regularity on S. Since the argument follows the same lines as in [17, Section 4] for the case £ = 1,
and no new ideas are needed for the case ¢ > 2, we will just sketch the proof by underlying the most relevant
aspects in Section 3.2 for the sake of convenience. O

The next proposition shows the €:1-regularity of the blow-up set.

Proposition 2.9 (C1:1~"-Regularity for Ss). There exists & > O such that for each a € S, the local chart defined
in (2.15) satisfies forallk = € + 1, ..., N and |&| < &,

Z’ay‘“(f)‘ < C|&||log |&I|'*  for some p > 0.

Proof. Note that the case £ = 1 was already proven in [20, p. 516, Lemma 3.4]. Here we use again the argu-
ment of [20] for the case ¢ > 2. Using the estimate given in Proposition 2.5 and parabolic regularity, we see
thatforallk>¢+1ands>sg+1,

sup
aeSs,ly|<2

—2(y, s)' < Ce ?s* forsomepy > 0.

a)’k

Consider a € S5 and y = (¥, y), where y = (y1, ..., Y¢) is such that y;, =1 for some i, € {1,...,¢}, ;=0
for1<j+i.<¢ and ¥ = (Ve+1,...,yn) is arbitrary in 0By_¢(0, 1). For s > max{so + 1, s1}, we consider
b = b(a, y, s) defined as in (2.21). Since y, is €2 forany n > 0, we use (2.22) with a* = a € (0, 1) to write
forke{¢+1,...,N},

K |0Va,i -$5) logs lbyal s ‘

2 |2t C .

2ps| 9E, (e : ‘ z +Ce3s
Since i, is arbitrary in {1, ..., £}, we get

zpsz|a)/az _%~| lOgSzlaYaz —3 - |+Ce 2S“,
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which gives

Z| yal(e 2y)|<Ce It

Ifé =e %y, then|&| = e 7 and |log|.§’|| = 5 since |y| = 1. Therefore,

i|ay“”’<e-%y>l < Clélflog 31|
= agk

Since )'/ is arbitrary in 0By-¢(0, 1), é’ =e? y covers a whole neighborhood of 0, namely B(0, &), where
& = e-rmaxtso+Lsi} This concludes the proof of Proposition 2.9. O

Step 2: Further Refined Asymptotic Behavior and Deriving @2-Regularity of S. In this part, we shall use the
@11 .regularity of the blow-up set together with the geometric constraint (2.22) in order to refine further the
asymptotic behavior (2.8). In particular, we claim the following:

Proposition 2.10 (Further Refined Asymptotic Behavior (2.8)). There exist s, > 0, d € (0, %) and continuous
functions a — Ag(a) for all B € NN with |B| = 3 and |B| = 1, where B = (B1, - - -, Be), |Bl = Y+_; Bi, such that for
alla € Ssand s > s>,
_ e : _s g-3
[Wa@a.s) - wn@w@.9)- <= ¥ Ag@mgn| | < ceist,
S 3Bt L

(2.24)

where hg is defined in (3.2).

Proof. The proof of this proposition is based on ideas of [20] where the case £ = 1 was treated. As in [20], the
geometric constraint given in Proposition 2.7 plays an important role in deriving (2.24). Since the proof is
long and technical, we leave it to Section 3.4. O

Let us derive Theorem 1.1 from Propositions 2.10 and 2.7. In particular, Theorem 1.1 is a direct consequence
of the following result.

Proposition 2.11. Forall a € Ss, we have foralli € {1,...,¢},j,ke{€+1,...,N},

2p

Ya i 7(1 + 6j,k)/1e,-+e,-+ek(a)’

088k

where a — Ag(a) is introduced in Proposition 2.10, e; is the i-th vector of canonical base of RY, and ik is the
Kronecker symbol.

A(l) (a)

0) =

Proof. From (2.18), (2.24) and the fact that estimate (2.24) also holds in W%*(|y| < 2) by parabolic regular-
ity, we derive forall k > ¢+ 1and s > s, + 1,

N\Ux

Y Ap(a)—(y) < Ce g3, (2.25)
g Ok

sup |, ) -
a€Ss,ly|<2 ayk

for some d € (0, %). Note that if |B| = 1, then there is a unique index i* € {1,..., ¢} such that ;- = 1 and
Bm=0forme{1,...,¢}, m+i* Notealso from the definition of hg (see (3.2) below) that

oh N
5o =Behpa o T hy ),
Vi j=1,jk

and that hg = 1. Therefore, (2.25) yields

N\m

ow e
a()’, )_

z > Ap@hiyBrhg 1) [] hﬁ,(y,-)lsCe‘%sd‘%. (2.26)

i=1 |B|=3,Bi=1 j=Ca+1,j#k
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Takei* € {1, ..., ¢} arbitrarily and y = e;- + €ej where € = +1 and j > £ + 1. Since hy,,(0) = 0 if m is odd, and
i = 11if |B| = 3, we have either 8 = e;- + ej» + ey or B = e;- + 2ej» for some j*, k* € {£ + 1, ..., N}. Using
j j
(2.26) yields
) -3 :
%(ei* +e€ej,s) - eeTz(l + 6k j) e vere; ()] < Ce 35?3, (2.27)
Similarly, we have
0
aW“(el* s)l < Ceis®3, (2.28)

Now using Proposition 2.7, we write for y = e;+ + €ej and s > max{s, + 1, s1},

ow, ow, K oy
oy, e e s) — g orers) — 5 aZ'l

e‘%ee')
OYk !

_s _ (+a*)s _
(e 2ee,-)’ +Ce 2 st 4 Cce=Sglotl,

10gs Z‘a)’az

Using this estimate together with (2.27) and (2.28), we obtain

logs

(e zee])‘ < C— Z‘ayal

K OYa,i*

2p 04

ce I(1+ Ok, j) e verre; (@) — (e” zee] +Ce a5t 2, (2.29)

From Proposition 2.10, we see that
IWa(Qay, s) — W@ (7, $)lpz < Cs™'e™>  foralls > s,.

Using this estimate and noticing that the same proof of Proposition 2.9 holds with y = -1, we derive

¢
OVa,i, _s _s
| ~(e"2¢eej)| < Ce™z.
izzl (252

Putting this estimate into (2.29) and noticing that ay,“ (0) = 0, we find that

a)’a i*

2y - _ (e72eey) 2
#aa’é}_(o) = 51_15_1100 T = 717(1 + 5k,j)/1ei*+ek+e;(a)- (2.30)

Since i* is taken arbitrarily belonging to {1, .. ., £}, identity (2.30) holds for all i* € {1, ..., £}. This concludes

the proof of Proposition 2.11. O
Proof of Theorem 1.1. From the definition of the local chart (2.15), we have y,,;(0) = Vy,4,:(0) = 0 for all
ie{l,..., ¢} Hence, we deduce from (2.30) the expression of the second fundamental form of the blow-up
set at the point a along the unitary basic vector Qg ei:forallk,je{¢+1,...,N},
2
0 0%Ya,i 2p

A ! (a) afk(;éj 0) = 7(1 + 5k,j)/1ei+ek+e,-(a)- (2.31)
In addition, since a — Ag(a) is continuous, we conclude that the blow-up set is of class ©2. This completes
the proof of Theorem 1.1. O

Proof of Theorem 1.3. The estimate (1.23) directly follows from Propositions 2.10 and 2.11. Indeed, the sum
in estimate (2.24) can be indexed as

(BeNV[IB1=3,Bl=1}={ei+ej+ex|1<i<e, £+1<j, k<N},
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where ey is the k-th canonical basis vector of RN. By (2.31) and the definition of hg (see (3.2) below), we write

11 N
Y @)=Y Y Aererecherera)
1B1=3,IBI=1 i=1 j,k=t+1

X j,k(a)
==Yy ) Vjyic = 261,
2p 5 jk=t+1 L+ 8jk

which yields (1.23).
As for (1.24), we note from (2.24) that for all |8| = 3 with || = 1, one has

3

< Ce 252

Sap(s) - eTZA,xs)

(recall that g4(y, s) = Wa(Qay, S) — Ws(a)(¥, S)). Hence, we write from (2.31),
i 2
A}(,ll)<(a) = 7p(1 + 6j,k)/1e,-+e1-+ek(a)
2 . s
= TP(l +8jk) sHEPQQ Se2ga,erever(S)

he,-+e,~+ek )

2 . s
= 7p(1 +8jx) lim se> I 8a(y, ) p(y)dy.

2
RN ”hei+ej+ek”l‘ﬁ27

Using again the definition of hg (see (3.2) below), we see that
he,-+e,~+ek = )’i(y}')’k - ‘Sj,k) and "he,-+e,~+ek"]2#z] =8(1+ 51’,1()-

Recall that w4 does not depend on y;j for j > € + 1. Hence, forall j, k > € + 1,

(1) p .. s
Aj(@ = lim s J Wa(Qay, $)yi(yjyi = 285,10p(y)dy,
]RN
which is (1.24). This concludes the proof of Theorem 1.3. O

3 Proof of Propositions 2.1, 2.7, 2.8 and 2.10

3.1 Classification of the Difference of Two Solutions of (1.13) Having the Same
Asymptotic Behavior

In this subsection, we give the proof of Proposition 2.1. The formulation is the same as given in [4] for the
difference of two solutions with the radial profile (¢ = N). Therefore, we sketch the proof and emphasize only
the novelties. Note also that the case £ = 1 was treated in [17].
Let us define
gy, s) = Wi(y, s) - Wa(y, s),

where W, i = 1, 2 are the solutions of equation (1.13) and behave like (2.3). We see from (1.13) and (2.3)
that for all (y, s) € RN x [-1og T, +00),

log s
0= Zg+ag. gl < C—5> (3.1)

where 1
X:A—zy-V+l
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P if Wy # W,

Wi P Wy - (WPt W,
W1—W2 p—l

DE GRUYTER

and
a(y,s) =

in particular,
a(y, s) = plWo(y, s)IP~* - for some Wy (y, s) € (W1(y, s), Wa(y, s)).
The operator .Z is self-adjoint on D(.Z) c Lf,(IRN ). Its spectrum consists of eigenvalues

spec(.¥) = {/\n = 1—3 |ne ]N}.
(3.2)

Bi+---+Bn=1Bl=n,

The eigenfunctions corresponding to 1 - J are
hg(y) = hg,(y1) -+~ hg,(¥n),

where
! m! i gm-2i
hm(&) = ZO TV, meN
satisfy
[ BntOa@p (g = 27mi6 .
R
hg(y)

The component of g on hy is given by
&) = [ ka)s)p(dy,  where kp(y) - o
B Lfy

]RN
If we denote by P, the orthogonal projector of Lf, over the eigenspace of . corresponding to the eigenvalue

Pug(y,s) = ) gp(s)hp(y).
IB=n

1- %, then
Since the eigenfunctions of .# span the whole space L2, we can write
80,8)= ) Pug(y,s)= ) gphpg(y)= Y gp($)hg(y) + Rks18(, 9),
neN BeNN BeNV,|BI<k
where Ryg = Y. Png. We also denote
I(s)” = g2, = Y In(s) = Y In(s) + 17,4(5),
? neN n<k
where
In(s) = IPag(s)l2,  Ta(s) = IRkg(S)2- (3.3)

(1+1yP).

ol O

As for a, we have the following estimates.
Lemma 3.1 (Estimates on a). Forally € RN and s > —log T, we have
o 5 1¢
, -1 , , — » ha(yi | <
S a9+ 70 ¥ ma0n

a(y, s) <
Proof. The proof follows the same lines as the proof of [4, Lemma 2.5] where the case £ = N was treated. [J

C
— <
S la(y, s)| <
In the following lemma, we project equation (3.1) on the different modes to get estimates for I(s), I,(s) and

rn(s). More precisely, we claim the following:
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Lemma 3.2 (Evolution of I(s), I,,(s) and r,(s)). There exist s3 > —log T and s. > O such that for all s > s3,
n e Nandp € NV, one has

I (s) + (— - )ln(s)l < C(n)@ (3.4)
res(1-5 L )I(s) o3 e 1o 00, (3.5)
k=0 2
14
(1 B 23 8)eso)| < O 1) + S lp20) + 1)) (3.6)
i=1 S2
r;(s)g(1—g)rn(s)+ SI(S—S ). (3.7)

Proof. See [4, Lemma 2.7] for (3.4) and (3.5). See [17, p. 545, Appendix B.1] for a calculation similar to (3.6).
For (3.7), see [20, p.523], where the calculation is mainly based on the following regularizing property of
equation (3.1) by Herrero and Velazquez [9] (control of the Lg-norm by the Lf,-norm up to some delay in time,
see [9, Lemma 2.3]):

1 1

(Jg‘*(y, s)pdy)4 < C(ng(y, s — s,,g)pdy>2 for some s, > 0.

This ends the proof of Lemma 3.2. O

In the next step, we use Lemma 3.2 to show that either the null mode or a negative mode of . will dominate
as s — +oo. In particular, we have the following:

Proposition 3.3 (Dominance of a Mode and Its Description).
(1) Either l,,(s) = O(@)for alln € N, and there exist a,, Cy > 0 and C}, > 0 such that

I(s) < Cnscilexp<(1 - g)s> foralls > oy;
(ii) or thereis ng > 2 such that
I(s) ~ ln,(s) and Iy(s) = O(@) ass — +oo foralln + ng. (3.8)

Moreover,
e ifng = 2, namely I(s) ~ l5(s), then for all |B| =

logs v
s if Y Bi#2,
’j (3.9)
logs .
[38() - |<c 85 Y Bi-2,
52 i=1
e ifng = 3, namely I(s) ~ I5(s), then
I(s) < Coe"2s%  for some Co > 0. (3.10)

Proof. See [4, Proposition 2.6] for the existence of a dominating component, where the proof relies on (3.4)
and (3.5). If case (ii) occurs with ng = 2, by (3.6) we write for all § € NV with |B| =

l l I 1
)+ £ Zﬁll <c@(“F+ M) <D < e,

where we used (3.8) and (3.1) from which we have Io(s) + I4(s) = O(I(S—S)) and I(s) = O(l"gS Since Y¥_, Bi is
only equal to 0, 1 or 2 if | ] = 2, estimate (3.9) follows after integration. Estimate (3.10) immediately follows
from (3.4). This ends the proof of Proposition 3.3. O
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Let us now derive Proposition 2.1 from Proposition 3.3. Indeed, we see from Proposition 3.3 that if case (i)
occurs, we already have exponential decay for I(s). If case (ii) occurs with ng > 3, by (3.4) we write

¢
s

n
I, (s) + (70 - 1)1,,0

< .

Since I, # 0 in a neighborhood of infinity, this gives
Ino(s) < CosCoel=3)s < CosCoe3,

which yields (2.4). If case (ii) occurs with ng = 2, by definition of P,, we derive from (3.9) that there is a
symmetric, real (€ x £)-matrix B such that

1/1 5. 1
P,g(y,s) = S—Z(Ey By - tx(B)) + O<s_2>

which is (2.3). This concludes the proof of Proposition 2.1.

3.2 @Vi-1-Regularity of the Blow-Up Set

We give the proof of Proposition 2.8 in this section. The proof uses the argument given in [17] treated for the
case £ = 1. Here we shall exploit the refined estimate (2.10) to obtain a geometric constraint on the blow-up
set. Without loss of generality, we assume a = 0 and Q; = Id. Under the hypotheses of Proposition 2.8, we
know that y € C1((=61, 61)V¢, R®) with € € {1, ..., N - 1}. If we introduce

F(k):()’1(5(),“-,}’6(;(),7?)’ i:(X€+1"~',XN)y

then
ImT n B(0, 26) = graph(y) n B(0, 26) = Ss.

Consider x and h in RV~¢ such that x aswell as x + h arein B(0, §;) and I'(x) as well as ['(x + h) arein Ss. For all
t € [T-e 501, T)such that |T'(X) - ['(X + h)| < (T — t)[log(T - t)|, we use (2.10) with x = a = T'(x + h), then
with x = ['(x + h) and a = ['(%) to find that

(T = OF TR + 1), ) = Was iz (05 )] < Ce 353760, G
L ~ 1 - _s 3 :
(T = )7 u(T( + h), ) = W) Treg,rsy,s S| < Ce2s77C,
where Vr g iy, i defined as
Varars = €7 ((a1-a2) - Qu,e1, - - ., (@1 - @2) - Qg €¢). (3.12)

Since I is C1, we have
IT(x + h) - T(%)| < C|A|.

IT(x + h) - T(%)| = (T - Dllog(T - D), (3.13)

and take h € By_¢(0, h1(so)) for some h1(so) > 0. Then we have ¢ > T — e~0~1, Hence, if § = —log(T - f), by
(3.11) we have

Let us fix t = £(%, h) such that

3

- _ ~ _5.3
|W’B(F(i(+71))(0’ 8) = W) Vr@),r@h),s 3)| < Ce 157400, (3.14)

Similarly, by changing the roles of X and X + h, we get

s _ 3 _5.3
| Wm0y (0, 8) ~ W (r(xaiy) V), 0(0),52 8)| < Ce 152+, (3.15)

where yr., iy 1,5 IS defined as in (3.12).
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From a Taylor expansion for ws (¥, §) near y = 0, we write
o - o1 e _ -
W (7, 5) = wz(0,8) +y - Yws(0,5) + -y V2w (0,8)y + Oy IV ws (2, 9)I), (3.16)

for some z between 0 and .
Since (2.2) and (2.7) also hold in X by parabolic regularity, we deduce that

loc

. log s _ K 5
Vw5 (0,5)] = 0(=52), V2ws(0,8) =~ lewe + 0 > ).
S 4ps S

From [11, Theorem 1], we know that

%)

IVws(3)le < =

wn
Nlw

Substituting all these above estimates into (3.16) yields

K
8ps

_3 1 ~
Cslyl . Clogs

wx (Y, 5) <ws(0,8) - |)7|2+ 3 =2
652 S

Therefore, we have

wg(V,8) <wsz(0,3) - %pgl)‘/l2 forall |y| < 8:(3,':19 V5. (3.17)

We claim from (3.14), (3.15) and (3.17) the following:
|[Ws(r)(0, 3) - W r iy (05 3)| < Ce 252+Co, (3.18)
Indeed, if w5 () (0, $) = Wap x4y (0, §) 2 0, then by (3.17) and (3.15) we have
0 < Wr®)(0, 8) = Wi (r(x+))(0, 5)

< WBrx)(0, 5) = Wa (rz1 i) Vs k) r2),50 S)

< Ce 353%Co,

If wg(r) (0, §) - W rsiy (05 ) < 0, then we do as above and use (3.14) instead of (3.15) to obtain (3.18).
From (3.18), (3.14) and (3.17), we get

—K V 2 < - ~ _3.34C
16p3 |yl"(5c),l"()?+fl),§| < WB(F()’())(O) 5) - W'B(F("‘))(yr()?),l"()'ﬁﬁ),é’ 3§) < Ce 252700,
Hence, we obtain
- _5.5
Wrgo,raey,sl” < Ce 2537, (3.19)
From the definition (3.12), we have
V@), rey,s) = €2dTX), Tpzihy)s (3.20)

where we recall 7y4, ;) is the tangent plan of S at I'(x + h). On the other hand, we claim that

lyi(X + h) - yi(%) - h - Vyi(%)
V1 + V()12

where S; is the surface of equation x; = y;(x), and T L T(eeh) 18 the tangent plan of S; at I'(X + h). Indeed, we
note that

(3.21)

d(r(i), Tr(;H.f[)) 2

AT, Ty roy) = lyix+h)—yi(*) - h- Vyi()?)I’
1+|Vyi(0)]?

and ImT ¢ S;, hence, (3.21) follows from d(I'(X), Tre,jy) = d(T(), T; rz4iy)-
Combining (3.19), (3.20), (3.21) together with the relation § = —log(T - f) yields

lyik + ) = yi(®) = b Vyi(OI? < C(T - B2 [log(T - B3+,
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If we denote A = [T(X + h) — ['(X)| < C|h|, then by relation (3.13) we have

2

log T—t ~210gA, T—t“’— aSA—>0.

Vi& + B) = yi(0) - b - Vy;(R)2 < CA%[log AI™*E < ClhP[log |RI| ",
which yields (2.23). This concludes the proof of Proposition 2.8.

3.3 A Geometric Constraint Linking the Blow-Up Behavior of the Solution to the
Regularity of the Blow-Up Set

This section is devoted to the proof of Proposition 2.7. The proof follows ideas given in [20]. By the hypothesis,
we have yq € C1% ((=€4, )¢, R?) for some a* € (0, 1) and €, > 0, and y,i(0) = Vy4,i(0) = 0. Thus, for all
|$| < €aq,
Va,i(®)l < CIE™® and  |Vyqi()| < CIE". (3.22)

In what follows, k € {¢ + 1, ..., N} is fixed, and we use indexes i and m for therange 1, ..., ¢, index j for the
rangef+1,...,N.

We now use (3.22) to approximate all the terms appearing in (2.20).

(@) Term 7x(a) - ni(b). From the local coordinates (2.21), we have

1 N a)/ai _S .
ni(b) - —(n@- Y T ).
V1+9yei(e iR e 0
Using (3.22) and the fact that 7x(a) - n;(a) = 0 and 7 (a) - 7j(a) = 6k,j, we obtain
6 i s 1 a i _S5 .
[r@ - m) + Feeip| = (1 — )3ty
k 1+ Vyaie 3R’ 9%
a)/a,i _s - 52
<[5t D|I9yaie )
a,i, s | —-a*s
< ~(e"2y)le . 3.23
1A (e72y) (3.23)

(b) Term 7 (a) - Tj(b). From (2.21) and (3.22), we have
e s S S
b-al < |Y yaie )| + ety < cet
i=1

Since n; and 7 are @2" it holds that

5
2'

Ini(a) - ni(b)| + |tj(a) - Tj(b)| < Cla - b|* < Ce™®
It follows that

. (3.24)
ni(a) - j(b)| + [ni(b) - Tj(a)| < Ce™ 2.

(c) The point Y(a, y, s). Using (2.16), (2.19) and (2.21), we write

Ym =Y en=(Qqy+e2(a-b))- Qpem

{ 0i(@) - Mm(b) = 8i,m| + |T1(@) - Tj(b) = By 5l < Ce™ 3,

e N S e S N S
= {Zyim(a) + Y yTila)-e3 [ Y vaile T ymi(a) + Y e‘fy,-r,-(a)” - Qpen
i—1 j=+1 i=1 j=+1

€
=Y i-efyaie D@} - Qen.
i=1
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From (2.16), we write form € {1, ..., €},
~Vm = {m — €2VamE 2 P)Mm(@) - m(b) = YmNm(@) - Nm(@)}
e S S
+ Y (vi-eyaile 29)ni(@) - nm(b),
i=1,i+m
andforne{¢+1,...,N},
14
=Y (vi—€?yai(e 2 P))ni(a) - Tn(b).
i=1
Using (3.24) yields
|Ym —Yml < Ce 7 and |Yi| < Ce %,

Hence, if we write
Y:(Yl"-"Yf) and ?:(Y€+1’-'-3YN)’

then
ly-¥|<Ce®? and |¥]<Ce®3. (3.25)

(d) Term % (Y, s). From Proposition 2.5 and the parabolic regularity, we have that

sup|ws(y, 8) = W) (7, ) [z g1y < Ce 78 (3.26)
s>s'
This implies
0 0 0 2 s
Wb(Y s) - Wa( b)(’ )i Wb(Y )| sup Wp (z,5)| < ce 35, (3.27)
oyi m= e+1 OYm I21<2,(m,n)#(1,i), ize+11 OYmO¥n

Similarly, from (2.1) and (2.18),

ly|? closs
sup ||we( ,s)—{ (E——)H . (3.28)
52—1£T| at) 2ps 2 Wﬁ;f"(l)‘/ld) s
From (3.26) and (3.28), we deduce that
Iylz)H logs
sup|iws ,S) — £- - < C—. (3.29)
o 5@ 5) { 2ps ( 2 Jlwzeggi<a) s?

Using (3.29), we have for |z]| < 2,

(z,8)+ L‘ < C—logs
2ps

|62W3(b)

02 1
> and l WH(b) (z, s)‘ < Cizs, m#1.
oy; S

s? 0Yi0Ym

Note that owxp)/0yi(0, s) = 0. We then take the Taylor expansion of Ows)/9dyi(y, s) near y = O up to the
first order to get

oW logs
| 220 5,5 + Y—| a2,
Vi
Using (3.27) and (3.25) yields
aW”(Y s)+ y1—|<Ce $5C +C|y|10gs ge—“*%. (3.30)
(e) Term awb (Y s). We just use (3.27) and (3.25) to get
%(Y’ s) - awb(y, 0,...,0,8) < Ce(1+)3, (3.31)
j

Estimate (2.22) then follows by substituting (3.31), (3.30), (3.27), (3.23) and (3.24) into (2.20). This
concludes the proof of Proposition 2.7.
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3.4 Further Refined Asymptotic Behavior

We prove Proposition 2.10 in this subsection. We first refine estimate (2.8) and find the following terms in the
expansion which is of order e~ . Using the geometric constraint, we show that all terms of order e~ must be
identically zero, which gives a better estimate for |[W,(QqY, S) — wa @) (¥, 9)Il 12 We then repeat the process and
use again Proposition 2.7 in order to get the term of order ge‘% and conclude the proof of Proposition 2.10.

Let us define

ga(y, s) = Wq(Qay, ) — wn(a)(¥, S) (3.32)
and
19 = I8a()E; Lan(s) = Pagal)lize  Tas(s)=| Y. Pugas)] -
i nxk Ly
From (2.8), we have
I,(8) = (‘)(e‘%s") for some u > 0. (3.33)

Note that Lemma 3.2 also holds with W, = W, and W, = wg. We claim the following:

Lemma 3.4. Assume that I,(s) = O(e‘%sﬂo)for some Uo € R. There exists s, > 0 such that for all s > sy,

2
Y lan(s) + rau(s) < Cem2s#o™ (3.34)
n=0

and d

|%(ga,ﬁ(s)e%s|m)l < CslBl+ko-3 forallp e NV, |B| =3, (3.35)

where B = (B1, ..., Be), 1Bl = Xi_1 Bi.

Proof. By (3.4) and (3.7), we can write for all s > s3,

li(la,,,(s)e(”/z‘l)s) < Ce/2-Dsgho-l  n_0 1,2,

ds

and p
|%(ra,4(s)es)| < Ceishol,

Estimate (3.34) then follows after integration of the above inequalities. As for (3.35), we just use (3.6) and
(3.34) (note that I, 5 < 14,4 by definition (3.3)). O

Using (3.33) and applying Lemma 3.4 a finite number of steps, we obtain the following:

Lemma 3.5. There exist ss >0 and continuous functions a — Ag(a) for all B € NV with |B| = 3 and |B| =
Zf:1 Bi = O such that for alla € Ss and s > ss,

gaps)-e Y Ap@ms)] |, = ceist
1BI=3.1BI=0 P

forsome d € (0, %), where hg is defined by (3.2).
Proof. We first show that there is s5 > 0 such that

I,(s) < Ce is? forsomed ¢ (0, %) forall s > ss. (3.36)

From (3.33), if u € (0, 1), we are done. If u > 1, we apply Lemma 3.4 with po = u to get

2
Z la,n(s) + Ta,4(S) < Ce"%s"‘l
n=0

and
|ga8(s)| < Ce™3s#°7  forall || = 3.
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Hence
’ s 1
I (s) < Ce zsH 2,

Estimate (3.36) then follows by repeating this process a finite number of steps.
Now using (3.36) and Lemma 3.4 with uo = d, we distinguish the following two cases:
« If|B| =3 and |B| > 1, we integrate (3.35) on [s, +00) to derive

|ga,p(s)l < Ce 3547 forall|B| =3, Bl > 1.
« If|Bl = 3 and |B| = 0, by integrating (3.35) on [ss, s], we deduce that there exist continuous functions
a — Ag(a) such that
|ga,p(s) - Ap(@)e 3| < Ce 3597 forall |B| = 3, |Bl = O.
This concludes the proof of Lemma 3.5. O

Now we shall use the geometric constraint on the asymptotic behavior of the solution given in Proposition
2.7 to show that all the coefficients Ag(a) with |B| = 3 and B = 0 in Lemma 3.5 have to be identically zero. In
particular, we claim the following:

Lemma 3.6. There exists s¢ > 0 such that for all s > sg,

IIga(s)IILg < Ce3sd2 forsome d € (O, %) andall a € Sg.

Proof. Consider a € Ss. We aim at proving that
Ag(a)=0 forallpe NV, |Bl =3, |Bl =0,

where Ag(a) is introduced in Lemma 3.5 and IBI = Zf;l Bi.

From (2.18), (3.32) and the fact that the estimate given in Lemma 3.5 also holds in W?(|y| < 2) by
parabolic regularity, we write forall k > ¢+ 1and s > s5 + 1,
oW,
OYi

oh s
sup a—yf(y) < Ce3sd 1, (3.37)

aeSs,|yl<2

ms)-ei Y A
1B1=3,B=0

Take y = (y, ¥), where ¥ = (y1,...,Y¢) =(0,...,0) and y € By_¢(0, 1). Then we use Proposition 2.9 and

(2.22) to obtain
%(y, s) - M(0, s)| < Ce™ @) 3500 4 cosglotl (3.38)
Yk oYk

for some a* € (0, 3).

From (3.37) and (3.38), we get

oh oh 1
Y M@SEw- Y a5Lo)scst (3.39)
el Yk B 0k
IBI=3,181=0 IBI=3,1pI=0

From (2.21) and Proposition 2.9, we see that b — a as s — +00. Since a — Ag(a) is continuous, d € (0, %),
hp,(0) = --- = hg,(0) = ho(0) = 1 from definition (3.2), and

ohg N
5, =Bihpa ) [T B,
Vi j=1,j#k
we derive, by passing to the limit in (3.39),
N N
Y As@Brhpivi) [ hep = Y Ap(@Bihp-1(0) [ hg(0).
181=3,1BI=0 j=e+1,j#k 1B1=3,1BI=0 j=t+1,j#k
By the orthogonality of the polynomials h;, this yields
BiAg(a) =0 forallk > ¢+ 1and || =3 with |B] = 0.

Take B arbitrary with || = 3 and |B| = 0, then there exists k > £ + 1 such that B > 1, which implies that
Ag(a) = 0. This ends the proof of Lemma 3.6. O
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Proof of Proposition 2.10. From Lemmas 3.6 and 3.4, we see that for all s > s; = max{s4, S5, S¢},

2

3
Z lan(S) +1a,4(s) < Cs 21593
n=0

and i
‘%(ga,ﬁ(s)s%s'ﬁ')| < ceP+d-2 forall 1) = 3, (3.40)

for some d € (0, 3). Integrating (3.40) between s and +co if |B| = 0 and between s; and s if |B| > 1, we get
|ga,(s)| < Ce 3591 forall |B] = 3.

Hence,

d-1

Io(s) = Iga(s)lpz < Ce 3s foralls > s;.

With this new estimate, we use again Lemma 3.4 with uy = d — 1 to show that there exists sg > 0 such that
forall s > sg,

2
Z lan(s) +1a,4(s) < Ce 2512
n=0

and i
|%(ga,ﬁ(s)e%s|ﬁ|)| < s} forall B = 3.

This new inequality implies that for all || = 3 and s > sg,
. if|Bl=0o0r|Bl > 2, then |g44(s)| < Ce 353,
« if|B| = 1, then we obtain the existence of continuous functions a — Ag(a) such that

d-3

8a,p(s) - eTzAg(a) <Ceis
This concludes the proof of Proposition 2.10. 0

Funding: H. Zaag is supported by the European Research Council (Advanced Grant 291214), BLOWDISOL,
and Agence Nationale de la Recherche (project ANAE, ref. ANR-13-BS01-0010-03).

References

[1] J.Bricmont and A. Kupiainen, Universality in blow-up for nonlinear heat equations, Nonlinearity 7 (1994), no. 2, 539-575.

[2] M. A.Ebde and H. Zaag, Construction and stability of a blow up solution for a nonlinear heat equation with a gradient
term, SeMA J. 55 (2011), 5-21.

[3] C.Fermanian Kammerer, F. Merle and H. Zaag, Stability of the blow-up profile of nonlinear heat equations from the dynam-
ical system point of view, Math. Ann. 317 (2000), no. 2, 347-387.

[4] C.Fermanian Kammerer and H. Zaag, Boundedness up to blow-up of the difference between two solutions to a semilinear
heat equation, Nonlinearity 13 (2000), no. 4, 1189-1216.

[5] S.Filippas and R. V. Kohn, Refined asymptotics for the blowup of uy — Au = uP, Comm. Pure Appl. Math. 45 (1992), no. 7,
821-869.

[6] S.Filippas and W. X. Liu, On the blowup of multidimensional semilinear heat equations, Ann. Inst. H. Poincaré Anal. Non
Linéaire 10 (1993), no. 3, 313-344.

[71 M.A.Herreroand].). L. Velazquez, Comportement générique au voisinage d’un point d’explosion pour des solutions
d’équations paraboliques unidimensionnelles, C. R. Acad. Sci. Paris Sér. | Math. 314 (1992), no. 3, 201-203.

[8] M. A.HerreroandJ. J. L. Velazquez, Generic behaviour of one-dimensional blow up patterns, Ann. Sc. Norm. Super. Pisa Cl.
Sci. (4) 19 (1992), no. 3, 381-450.

[9] M. A. Herrero and ). ). L. Velazquez, Blow-up behaviour of one-dimensional semilinear parabolic equations, Ann. Inst. H.
Poincaré Anal. Non Linéaire 10 (1993), no. 2, 131-189.

[10] F. Merle and H. Zaag, Stability of the blow-up profile for equations of the type u; = Au + |u|P~'u, Duke Math. J. 86 (1997),
no. 1, 143-195.



54

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

= T.Ghoul, V.T. Nguyen and H. Zaag, Refined Regularity of the Blow-Up Set DE GRUYTER

F. Merle and H. Zaag, Refined uniform estimates at blow-up and applications for nonlinear heat equations, Geom. Funct.
Anal. 8 (1998), no. 6, 1043-1085.

F. Merle and H. Zaag, A Liouville theorem for vector-valued nonlinear heat equations and applications, Math. Ann. 316
(2000), no. 1, 103-137.

V. T. Nguyen and H. Zaag, Construction of a stable blow-up solution for a class of strongly perturbed semilinear heat equa-
tions, preprint (2014), https://arxiv.org/abs/1406.5233; to appear in Ann. Sc. Norm. Super. Pisa Cl. Sci. (5).

V. T. Nguyen and H. Zaag, Finite degrees of freedom for the refined blow-up profile for a semilinear heat equation, preprint
(2015), https://arxiv.org/abs/1509.03520; to appear in Ann. Sci. Ec. Norm. Supér. (4).

J.). L. Velazquez, Higher-dimensional blow up for semilinear parabolic equations, Comm. Partial Differential Equations 17
(1992), no. 9-10, 1567-1596.

J. ). L. Velazquez, Estimates on the (n — 1)-dimensional Hausdorff measure of the blow-up set for a semilinear heat equa-
tion, Indiana Univ. Math. J. 42 (1993), no. 2, 445-476.

H. Zaag, One-dimensional behavior of singular N-dimensional solutions of semilinear heat equations, Comm. Math. Phys.
225(2002), no. 3, 523-549.

H. Zaag, On the regularity of the blow-up set for semilinear heat equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 19
(2002), no. 5, 505-542.

H. Zaag, Regularity of the blow-up set and singular behavior for semilinear heat equations, in: Proceedings of the 3rd
International Palestinian Conference on mathematics and Mathematics Education (Bethlehem 2000), World Scientific,
Singapore (2002), 337-347.

H. Zaag, Determination of the curvature of the blow-up set and refined singular behavior for a semilinear heat equation,
Duke Math. J. 133 (2006), no. 3, 499-525.


https://arxiv.org/abs/1406.5233
https://arxiv.org/abs/1509.03520

	Refined Regularity of the Blow-Up Set Linked to Refined Asymptotic Behavior for the Semilinear Heat Equation
	1 Introduction
	2 Setting of the Problem and Strategy of the Proof of the $\mathcal C^2$-regularity of the Blow-Up Set
	2.1 Part 1: Blow-Up Behavior Beyond All Logarithmic Scales of $(T-t)$
	2.2 Part 2: A Geometric Constraint Linked to the Asymptotic Behaviors
	2.3 Part 3: Refined Regularity of the Blow-Up Set and Conclusion of Theorem 1.1

	3 Proof of Propositions 2.1, 2.7, 2.8 and 2.10
	3.1 Classification of the Difference of Two Solutions of (1.13) Having the Same Asymptotic Behavior
	3.2 $\mathcal C^{1,\frac{1}{2}-\eta}$-Regularity of the Blow-Up Set
	3.3 A Geometric Constraint Linking the Blow-Up Behavior of the Solution to the Regularity of the Blow-Up Set
	3.4 Further Refined Asymptotic Behavior



